I. INTRODUCTION
The interaction length between plasmas and highpowered lasers can be increased by optical guiding. Examples of the application of this interaction include highharmonic generation, 1,2 x-ray lasers, 3-8 and laser-wakefield acceleration. 7, [9] [10] [11] [12] This can be achieved by the use of plasma waveguides. Plasma waveguides operate by creating an index of refraction profile that is highest in the center, focusing the laser beam and counteracting diffraction. This is achieved by creating a plasma with a concave density profile. 13 To counteract ionization-induced refractive defocusing, 14 the plasma that comes into contact with the laser should be fully ionized. A few types of such waveguides exist, such as dischargeablated waveguides, [15] [16] [17] [18] [19] [20] [21] pinch plasmas, 8, 22, 23 and slow capillary discharges. 7, [24] [25] [26] [27] Our investigation focuses on the latter. This waveguide has the advantages of long device lifetime and of a long, stable guiding window. Because the guiding properties depend directly on the electron density, accurate measurements of the electron density are very desirable. One method to measure the electron density in the plasma directly is via interferometry measurements. The electron density influences the index of refraction of the plasma and hence the optical pathlength through the plasma. This procedure has been successfully employed in longitudinal measurement of round channels. 24, 28 This method, however, is influenced by plasma efflux from the ends of the capillary. Furthermore, the signal is an integration of a large plasma volume, which might blur features.
These problems can be avoided by performing the interferometry perpendicular to the capillary wall. 29 This is, however, not possible in the standard capillary plasmas, which use round alumina ͑polycrystalline Al 2 O 3 ͒ walls. For the interferometry, optically flat sapphire ͑monoc-rystalline Al 2 O 3 ͒ walls are required. The fact that the walls are flat does mean the channel is no longer round, which makes a direct comparison with round channels less straightforward.
Earlier measurements of plasma waveguides in capillary discharges by means of transverse interferometry in square capillaries have been carried out by Jones et al. 30 Their measurements were carried out in a plasma in a mixture of ablated polyethylene, while the plasma in this work is created in hydrogen, which is prefilled in the capillary. Key plasma parameters such as thermal and electrical conductivity are quite different for these different plasma gases; hence, it is difficult to translate the results in Ref. 30 to the results in hydrogen-prefilled capillaries.
In this work, a theoretical analysis of a square pulsed capillary discharge waveguide is made. While the model presented is valid for a wide range of external parameters, the discussion is focused on one particular configuration, which matches an experimental configuration, facilitating a comparison. The square capillaries require a two-dimensional time-dependent non-local thermal equilibrium ͑non-LTE͒ model, which is considerably more challenging computationally than the one-dimensional model used earlier.
tive the measurements on the square channels are of plasma properties in the more common round channels. The guiding properties, i.e., the shape of an initially circular laser beam that is guided in a square waveguide and the matched spot size of the square capillary, are important in this respect.
An important practical issue is the heating of the capillary wall by the plasma. Not only may this cause ablation, but thermal expansion of the wall and the temperature dependence of the index of refraction lead to an increase in the optical pathlength through the wall. Because the transverse interferometry measurements measure the sum of the optical pathlength through plasma and wall, an increase in the latter influences the measurements and can be compensated for. The wall heating and optical pathlength increases are computed using the model, and their importance will be assessed.
In this contribution, the square pulsed capillary discharge that is the subject of the study is described in Sec. II. The model is described, emphasizing the thermal and optical wall properties, in Sec. III. The method used to obtain a matched spot size is briefly described in Sec. IV. The results of the simulation, including the plasma and guiding properties of the square channel, the thermal and optical properties of the wall, and the plasma and guiding properties of similar round channels, are presented and discussed in Sec. V. Conclusions are drawn in Sec. VI.
II. THE SYSTEM
The system consists of a square, hydrogen-filled capillary, with electrodes at either end. These are connected in parallel by a thyrathron switch to a capacitor charged to 20-30 kV. By applying a current pulse, a transient hydrogen plasma is created in the capillary.
The capillary consists of two larger sapphire plates, with two smaller sapphire plates sandwiched between them in such a way that a square space is left open. It is schematically drawn in Fig. 1 .
For the experiments, 29 capillaries of various sizes are used; in this study, a capillary with a width of 465 m is simulated. The initial hydrogen pressure and current are also variable; in this model, an initial hydrogen pressure of 4000 Pa is used. This density is assumed constant over the length of the capillary; the construction of the capillary, in which the gas inlets are located close to its open ends, means that this is a good assumption of the part of the capillary which lies between these inlets, but less so at the very edges. Intentional longitudinal variations of channel width 16 and density 21, 30 are not the subject of this study. The current I͑t͒ is given by I͑t͒ = 600 sinͩ t
ns
ͪ A, 0 ns Ͻ t Ͻ 230 ns, ͑1͒
with t the time after the beginning of a current pulse. The channel width, radius and pressure closely match an actual experimental setting, 29 allowing a direct comparison between experimental and theoretical results.
III. THE MODEL
The model used to simulate the square waveguide is based on the model used to simulate the round waveguide. The latter model has been discussed in great detail in Ref. 27 . It has been validated by comparison with an experiment, 27 used for parameter studies, 27, 31 and a slightly modified version has been used to investigate the effect of modulation of the capillary radius. 32 We will restrict the discussion of the model used in this work to a summary, emphasizing the difference between the present model and the model used for earlier studies, and refer the interested reader to Ref. 27 for details.
The capillary discharge waveguide consists of two separate parts: a plasma and a capillary wall. These two parts are simulated with different models and coupled via boundary conditions, allowing for a self-consistent solution of the whole system.
The plasma model is a two-dimensional two-temperature non-LTE fluid model. The bulk fluid movement is obtained from the Navier-Stokes equations:
Here, is the bulk density, t is the time, v is the bulk velocity, p is the bulk pressure, F Lor is the Lorentz force, and is the viscosity. The non-LTE treatment allows for deviations of chemical equilibrium; hence, the particle conservation equations for the species that are included in the model, namely, H, H 2 , H + , and e, have to be solved:
Here, n i is the density of species i, and S i is the source term from chemical reactions. The chemical reactions that are included in the model are detailed in Ref. 27 . The non-LTE model separately tracks the temperature of the electrons and the heavy particles, which may differ considerably. The electron energy equation is given by FIG. 1. A schematic drawing of the sapphire plates that constitute the capillary in which the discharge is operated. The waveguide has a length of 33 mm. The capillary that is simulated here has a width of 465 m. The grid used to simulate the device is indicated. Due to symmetry, only a quarter of the actual area is simulated.
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Here, C e is the electron heat capacity, T e is the electron temperature, p e is the electron pressure, e is the electron heat conductivity, k heat is elastic electron-heavy particle heat transfer rate, T h is the heavy particle temperature, J is the current density, is the conductivity, and S e electron energy source terms due to chemical reactions. It is noted that for the formation of the channel, e was found to be of particular importance. 27 e is computed using the Frost mixture rules, 33 which for the highly ionized plasma in the center of the discharge reduce to
͑6͒
with Z the ionization degree. The temperature equation for the heavy particles is given by
Here, C h is the heavy particle heat capacity, p h is the heavy particle pressure, h is the heavy particle heat conductivity, and is the viscosity tensor. The model of the wall consists of a one-dimensional description of the heat transport into the sapphire wall for each point that is on the plasma/wall interface, allowing for a detailed description of the spatial and temporal variations of the wall temperature. Because the plasma and wall model are coupled via the boundary conditions, the wall temperature in turn affects the plasma behavior.
The sapphire wall is heated by the heavy particles in the plasma. This heating is computed by means of a onedimensional heat transport equation of the sapphire wall for each point that is on the plasma-wall interface:
where C wall is the heat capacity of the wall material per cubic meter, T wall is the wall temperature and wall is the thermal conductivity.
The transport properties of the sapphire wall of the channel currently under study differ from the transport properties of the alumina walls of the capillaries described in our earlier studies. 27, 31 There is no significant difference in C wall , which is given for both alumina and sapphire walls by 27, 34, 35 
with n wall = 1.17ϫ 10 29 m −3 the density of Al 2 O 3 in particles per cubic meter and E = 690 K the Einstein temperature.
However, the heat conductivity of sapphire is slightly larger than that of alumina, and is approximated well by [36] [37] [38] [39] wall = 9.9 ϫ 10 3 K
for the temperature range of interest. Wall heating changes the optical pathlength through the system, which influences the measurements. There are two contributions to the increase in optical pathlength; namely, the thermal expansion of the sapphire and the increase in refractive index of the sapphire with increasing temperature. The thermal expansion coefficient of sapphire has been obtained from Ref. 40 and is equal to 5.9ϫ 10 −6 K −1 . The temperature-dependent indices of refraction n of sapphire at the laser wavelengths of 532 and 1064 nm that are used for the measurements are not available in literature to the best of our knowledge. Hence, we will estimate the index of refraction from the known index of refraction at room temperature at 532 and 1064 nm, 35 and adding extrapolated temperaturedependent terms that are measured by Tapping et al. 41 for 633 and 799 nm. Because the temperature-dependent terms do not depend strongly on and because the index of refraction itself is a smooth function of , we expect this extrapolation to be reasonably accurate. The resulting equations for n 532 and n 1064 are 
͑12͒
Wall ablation has the potential to damage the optically flat sapphire surfaces. Furthermore, the oxygen and aluminum that ablate contaminate the plasma. Both effects are quite undesirable. By computing the wall temperature T wall , it can be assessed whether it remains below the melting temperature of sapphire ͑2326 K͒, 35 which may be used to predict ablation of the walls.
Unlike the alumina walls used in the previous studies, the sapphire walls in this case are smooth and not porous. This means far less hydrogen will desorbed from them. Currently, we estimate that one hydrogen molecule desorbs from each surface site, which gives a contribution of 2.93 ϫ 10 23 m −3 at a total initial hydrogen density of n H 2 i of 1.205ϫ 10 24 m −3 . The grid at which the simulation is performed is shown in Fig. 1 . Although the system exhibits an eightfold symmetry, only the fourfold symmetry is exploited to arrive at a two-dimensional non-equidistant Cartesian grid on which the plasma is described.
In order to compare the guiding properties of the new square channel with the common round channels, simulations of equivalent round channels are also run. These simulations use the same model that is presented in Ref. 27 , except for the thermal properties of the wall, for which the thermal properties of sapphire are used as described in Eq. ͑10͒. Two systems are simulated: one with an area that
matches the area of the square channel, giving it a radius of 262 m, and one with a diameter matching the width of the square channel, giving it a radius of 232.5 m. In both cases, n H 2 i = 1.205ϫ 10 24 m −3 and I͑t͒ is given by Eq. ͑1͒. For the simulations, we used the PLASIMO code. This code is described in detail in Refs. 42-45. It is a modeling platform that can handle LTE and non-LTE plasmas, currently in two dimensions. Furthermore, its modular structure allows for easy expansion of the code. It has been applied to simulate a wide variety of plasma as described in Refs. 27, 31, and 46-49.
IV. LASER GUIDING THEORY
An important application of pulsed capillary discharges is the guiding of lasers. For the guiding of a Gaussian beam, a hollow, parabolic profile of the electron density n e is optimal. Such a profile is given by
Here, b is the second derivative of the electron density, and a is the on-axis electron density, and d is the channel width. 
͑14͒
with r e the classical electron radius, which has a numerical value of 2.817ϫ 10 −15 m. The matched spot size can be obtained by fitting the central electron density with Eq. ͑13͒ and substituting b in Eq. ͑14͒.
The electron density is only approximately parabolic near the center of the discharge. This is not a significant issue provided the area over which n e is parabolic is larger than the matched spot size, because such a spot size is sufficient for the bulk of the laser power to be transmitted as a Gaussian pulse.
V. RESULTS AND DISCUSSION
The square channel described in Sec. II has been simulated using the model described in Sec. III. Selected results will be presented in this section. In Sec. V A, the evolution of the plasma properties of the channel will be discussed. In Sec. V B, key plasma physical parameters at the maximum of the current pulse ͑t = 115 ns͒ will be presented. In Sec. V C, the guiding properties will be discussed based on the n e profiles and corresponding matched spot sizes in three different chords at t = 115 ns. In Sec. V D, the influence of the plasma on the capillary walls will be discussed. In Sec. V E, a comparison with round channels of equivalent radius and area will be made.
A. Evolution of the channel
The plasma channel is a strongly dynamic system, and as such, the plasma properties, including the matched spot size, vary in time. In this section, we will discuss the evolution of the plasma using three key plasma properties: the electron density n e , the electron temperature T e , and the heavy particle temperature T h . These plasma properties are evaluated at a chord on the horizontal symmetry plane, for 0 nsՅ t ഛ 180 ns, and are presented in Figs. 2, 3͑a͒ , and 3͑b͒, respectively. In these graphs, d denotes the position on the chord.
Qualitatively, the behavior of the channel is similar to the behavior of the round channels presented in Ref. 27 . Hence, we will give only a brief description of the formation mechanism, and refer the interested reader to Ref. 27 for a more detailed discussion.
The electron temperature is initially determined by the balance between Ohmic dissipation and ionization. Because the electron density n e increases much faster than the dissipation, the temperature drops in time. The plasma properties The isolines indicate differences of 0.5 eV.
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Phys. Plasmas 14, 023501 ͑2007͒ are homogeneous. The heavy particle temperature starts increasing when the plasma becomes significantly ionized, approaching LTE everywhere except near the wall. The transition between these regimes is roughly around t = 50 ns. The increase in temperature and thermal conductivity allows significant thermal gradients to form. These thermal gradients cause a pressure gradient, which pushes the plasma to the wall, forming a hollow profile in n e , as is seen in Fig.  2 , between 60 and 100 ns. The central n e profile is steepest near the peak of the current, at t = 115 ns, meaning that the matched spot size is smallest at this time ͓cf. Eq. ͑14͔͒. After the peak of the current, the plasma slowly cools as less power is dissipated.
B. Results at the current maximum
The plasma in square channels exhibits a two dimensional structure over a cross section of the discharge. We will discuss this structure in n e and T e at the peak of the current, t = 115 ns. The electron density as a function of x and y is shown in Fig. 4͑a͒ , while the electron temperature T e as a function of x and y is shown in Fig. 4 . Figure 4͑a͒ shows that the electron density is lowest in the center and increases towards the wall. In the corner, the n e is again very low. Near the center, the density profile is close to being circular, as it would be in a round channel, while near the wall, the density is profile is nearly square, the shape of the capillary. The consequences of this shape for the guiding properties are analyzed in Sec. IV. It is noted that a comparison of numerical results of this model with experimental results shows an excellent agreement. 29 The electron density profile is a result of the temperature profile, in particular T e . T e is so high that the plasma is fully ionized, except near the walls. Because the plasma has a nearly uniform pressure, this results in an electron density profile that is essentially the inverse of the electron temperature. This is no longer the case near the wall, and especially in the corner, as T e is so low there that the hydrogen is no longer fully ionized.
A quantitative comparison between these results and the results in Jones et al. 30 is difficult with respect to the differences in pressure, current, and in particular the chemical composition of the plasma; our work deals with a hydrogen plasma, whereas the plasma described in their work contains hydrogen and multiply ionized carbon. One trend, however, appears to be that the carbon-hydrogen discharges have a more steeply curved parabolic profile for a given central density. Equation ͑6͒ predicts that more highly ionized plasmas have a lower thermal conductivity, and hence, for a given heat flux, higher temperature gradients. This would result in the carbon-hydrogen discharges having a steeper temperature and hence electron density profile, resulting in a smaller matched spot size, which is consistent with this work and earlier experiments. 24, 29, 30 As a suggestion for further research, one could consider admixing nitrogen to the hydrogen prefilling of the capillary to increase the average ionization degree.
C. Analysis of the guiding properties
In order to make a quantitative assessment of the guiding properties of the channel, the matched spot sizes at different chords through the plasma have been determined. The fit is carried out at three chords: the Horizontal chord on the horizontal symmetry plane, the Intermediate chord that passes through the axis and through the wall at three-quarters of the total width of the capillary, and the Diagonal chord on the diagonal symmetry plane, at t = 115 nm. The electron density and fitted parabolas at these chords are presented in Fig. 5 .
Near the center, the electron density profile at each chord is almost identical. The matched spot size is determined by fitting a parabola like Eq. ͑13͒ for d Ͻ 100 m. Figure 5 shows that the fit is excellent in the region of interest. Using the resulting b and Eq. ͑14͒, we obtain values for the matched spots of 65.0, 65.4, and 66.0 m for the Horizontal, Intermediate, and Diagonal chords, respectively. For a Gaussian beam, over 99% of the laser power is in the region   FIG. 4 . ͑Color online͒ The electron density n e ͑a͒ and electron temperature T e over a cross section of one-quarter of the channel at t = 115 ns.
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Modeling of a square pulsed capillary discharge… Phys. Plasmas 14, 023501 ͑2007͒ covered by the parabolic fit, which means that the area over which we fit is sufficiently large to describe the behavior of the laser. Because the matched spot size is much smaller than the fraction of the chord over which we fit, the bulk of the laser power is transmitted through this part of the channel. Hence, the we fit over a sufficiently large fraction of the chord.
The difference in matched spot size between the various chords indicates that the laser would be transmitted as a nearly circular beam: The position of isolines of the laser intensity deviates from a circular position by 0.8%.
D. Analysis of the walls
Excessive wall temperatures might lead to ablation. Because the plasma heats the wall, the hottest part of the wall is the plasma-wall interface. The temperature of this interface T pw as a function of the position along the wall w and the time has been plotted in Fig. 6 . Figure 6 shows that the wall is initially heated almost homogeneously, but as the discharge progresses, the heating becomes ever more inhomogeneous, with the hottest part in the center of the wall. Furthermore, while the plasma temperature peaks near the current peak, the wall temperature continues to grow until about t = 175 ns. The melting temperature of sapphire is not reached. Hence, ablation is not expected under these circumstances.
The wall temperature is almost homogeneous initially because the plasma temperature is as well ͑cf. Fig. 3͒ . However, the plasma heats up primarily in the center, and this heat is chiefly transported via the shortest path to the wall, heating up the center of the wall more than the corners. This inhomogeneous heat load makes the wall of square capillaries more susceptible to ablation than that of round capillaries, although it is possible to prevent damage in practice. This effect is enhanced by two self-amplifying mechanisms: one in the plasma and one in the wall.
Throughout the plasma, apart from a small region near the wall, electron thermal conductivity is the dominant heat transport mechanism. 27 This transport mechanism scales with T e 2 . Hence, hotter parts of the plasma transport more of the heat from the center to the wall, leading to inhomogeneous heating. 31 The wall thermal conductivity scales with T wall −1 , according to Eq. ͑10͒. This means that, when a part of the wall heats up, heat transport from this hot area is inhibited, leading to further temperature increase.
The heating of the wall induces a change in optical pathlength, both due to thermal expansion and the temperaturedependent index of refraction of the material. The increase in optical pathlength d opt , for wavelengths of 532 and 1064 nm, as a function of time and position along the wall, is plotted in Fig. 7 .
Quantitatively, Fig. 7 shows that the increase in optical pathlength is at most 3% of the wavelength of the light used. This is significant, but not dominant compared to the typically measured phase shifts, which are on the order of magnitude of one wavelength. 29 An experimental method of correcting for this different is presented in Ref. 29 . The difference in optical pathlength does not depend strongly on the wavelength used. The thermal expansion and the change in index of refraction make contributions to d opt that are roughly equal. Unlike T pw , d opt rises monotonically, which means that its influence becomes more significant as time progresses.
E. Comparison with a round channel
In order to assess to what extent the plasma and guiding properties in the square capillaries resemble those in round capillaries, we will compare selected results from the square capillaries to the results of two round capillaries with the same current and initial density, and with radii of 262 m ͑channel 1͒ and 232.5 m ͑channel 2͒. The former has the same area as the square capillary, while the latter has diameter equal to the width of the capillary.
The electron density, which is the plasma property that is relevant for the guiding, is presented as a function of time and radial position in Fig. 8 , respectively. Comparing Figs. 2 and 8 shows that the time it takes for the plasma to ionize in the square channel is nearly the same as that in channel 1. In this stage of the discharge, the primary loss mechanism for the dissipated power is ionization, which is a local process. The dissipated power depends on the current density, which is the same in the square channel and channel 1. This means the ionization rate and hence the electron density are similar in channel 1 and in the square channel during the initial stages of the discharge.
The discharge reaches a stable, hollow profile due to heat transport to the wall. The matched spot size of channels 1 and 2 has been determined by fitting ͑13͒ to the inner 100 m and using Eq. ͑14͒. The matched spot size for channel 1 is 69.9 m, while the matched spot size for channel 2 is 64.9 m. The matched spot size of the square channels varies between 65.0 and 66.0 m, depending on orientation. The matched spot size of the square channel lies between the matched spot size of channel 1 and channel 2, but is much closer to the matched spot size of the latter. This can be explained by noting that during the guiding phase, the heat transport properties shape the channel. These are strongly dependent on the distance that has to be traveled; because the heat transport is primarily via the path of the least thermal resistance, it is especially the shortest distance from the center to the wall that matters. This distance is identical for channel 2 and the square channel, and hence, the matched spot sizes are expected to be similar. The similarity between the guiding properties of round and square channels makes it possible to apply scaling laws for the current, filling gas density, and channel width that have been established earlier.
31

VI. CONCLUSION
The model presented in Ref. 27 has been successfully expanded to be able to describe two-dimensional capillary discharge waveguides with sapphire walls. This not only enables the study of square waveguides, but is also a proof of principle for the study of waveguides with other twodimensional cross sections.
The square capillary discharge waveguide produces a plasma that has a matched spot size of 65.0 m on a chord that lies on the horizontal symmetry axis, 65.4 m on a chord that goes through the axis of the capillary and through the wall at three-quarters of the total height, and 66.0 m on a chord that lies on the diagonal symmetry axis. This means a Gaussian laser pulse with a circular shape can be guided with only very little deformation of the circular shape. Both the evolution and the plasma parameters of the square channel match those of equivalent round channels closely.
The heating in the capillary wall is strongly inhomogeneous, with the highest temperatures in the center of the capillary wall. The increase in local temperature makes the wall more susceptible to ablation in comparison with round channels; however, for the setting we have studied, the temperature remained well below the ablation threshold. The heating of the capillary wall induces a change in optical 
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Modeling of a square pulsed capillary discharge… Phys. Plasmas 14, 023501 ͑2007͒ pathlength, due to the temperature dependence of the index of refraction and due to thermal expansion of the wall material.
Because the plasma and guiding properties of the square capillary discharges closely match those of the round capillary discharges, and because the temperature-induced index of refraction changes in the wall are small, the square capillary discharge is expected to be a suitable system to perform interferometry measurements on to gain insight in the electron density profile and guiding properties of capillary discharge waveguides. Furthermore, owing to the similar plasma and guiding properties, the square capillary discharge waveguide is a suitable for the same applications as a round capillary discharge waveguide.
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